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Conjecture of Goemans and Vondrak

Definition
Let G = (V,E,w) be a complete n-vertex graph with distinct
positive edge weights w. Fork € {1,2,...,n — 1} We define

M(G)= |J MST(G\X).
XCV,|X|=k-1

Theorem (Conjecture of Goemans and Vondrak)

@)l <k - (*5 )
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Menger’s theorem

In further discussions we regulary use a special form of Menger’s
theorem.

Definition
Two vertices s,t in an undirected graph G are called k-connected
if there exist k vertex disjoint paths connecting them in G.

Theorem

Let s,t be two non-adjacent vertices in an undirected graph G. s
and t are k-connected in G if and only if after deleting k — 1
vertices (distinct from s and t) s and t are still connected.
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Which edges are in My (G)?

Some notations

mE={ee....entwithw(e;) <w(e2) <--- <w(en).
mG =(V,{e,ey....6}).

Theorem
An edge g € E is exactly then in My (G) when G;_; contains at
most k — 1 vertex disjoint paths between the two endpoints of e;.

— direct consequence of Menger’s theorem
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k-constructible graphs

Definition

A graph G = (V, E) is called k-constructible if there exist an
ordering O = (ey, €z, ..., €g|) of the edges in E such that for all
ie€{1,2,...,m} the graph (V,{e1,ez,...,€i}) contains at most k
vertex disjoint paths between the two endpoints of ej. The order O
is called a k-construction order for G. The triple (V,E,O) is called
a k-construction.

® G,k := set of all k-constructible graphs with n vertices
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k-constructible graphs (continued)

Theorem
For every complete graph G = (V, E,w) with n vertices and
distinct positive edge weights w we have

Mc(G) € Gnk VYk{1,2,...,n—1}.

Introduction Interpretation using k-constructible graphs 9/23



Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

e e (e i m“ )

k-constructible graphs (continued)

Theorem
For every complete graph G = (V, E,w) with n vertices and
distinct positive edge weights w we have

Mc(G) € Gnk VYk{1,2,...,n—1}.

We will prove the following theorem implying the conjecture of
Goemans and Vondrak.

Theorem
For G = (V,E) € G x we have

k+1
<nk — :
|E| < nk ( 2 )
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k-minimal graphs
Definition

A graph G = (V,E) is a k-minimal graph if it is k-connected and
removing any edge of G destroys k-connectivity.
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k-minimal graphs

Definition
A graph G = (V,E) is a k-minimal graph if it is k-connected and
removing any edge of G destroys k-connectivity.

Property
Every k-minimal graph is k-constructible (any order of its edges is
a k-construction order) but not the converse.
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k-minimal graphs

Definition
A graph G = (V,E) is a k-minimal graph if it is k-connected and
removing any edge of G destroys k-connectivity.

Property
Every k-minimal graph is k-constructible (any order of its edges is
a k-construction order) but not the converse.

Theorem (Mader 1971)
Every k-minimal graph G = (V, E) with n vertices satisfies

k+1
<nk — :
|E| < nk ( 2 )

Introduction Related work 11/23
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Example: k-constructible graph not being
k-minimal
The graph below is 2-constructible with 2-construction order

(e1, €2, e3,e4,e5) but eliminating the edge e; does not destroy
2-connectivity.
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Inductive hypothesis and base step

We fixk € N.

Inductive hypothesis
The conjecture is true for k-constructible graphs with number of
verticese {k +1,k +2,...,n —1}.

Base step
For graphs G = (V, E) with k + 1 vertices, the conjecture states

k+1
<
|E|_< 2)

and is thus trivially true.

Proof of the conjecture Inductive approach 14/23
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Splitting into two  k-constructible graphs

N\

G = (V,E), a 4-constructible graph
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Splitting into two  k-constructible graphs
B=(CmxCm)\E

@
=N

Proof of the conjecture Inductive approach 15/23




S T
wxalm..tfn\m. ich

Splitting into two  k-constructible graphs
B=(CmxCm)\E

@
=

= (VL E?Y) = (V2,E?)
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Applying the inductive hypothesis

e = gel g el () et

J/

I Il ~~

The terms in the above sum represent:

| - the number of edges in G without e

[l . the double-counting of the edges G[Cp]
[Il - the number of added edges in C, x Crpy
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Applying the inductive hypothesis
4+ % = (1 - 1)+ foteall + ( (1) - tetcal)

k-1
=>|E|:1+|E1|+|E2|—< ) )
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Applying the inductive hypothesis

Y]+ 6% = (| - 1)+ 6lCnll + ( (3 1) - IeIcal)

k-1
=>|E|:1+|E1|+|E2|—< ) )

Applying the inductive hypothesis on G! and G2, we finally get

e (n () (e (39) 03
- 07)
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Choice of G

It suffices to show the correctness of the conjecture for
G = (V,E) € Gnx having the maximum number of edges among
all graphs in Gy k.

Notations

m O =(eg,ey,...,en): ak-construction order for G.

B G =(V,{e1,en...,6}).

m 1y <ry <---<rindices of the edges in E having both
endpoints in V! vj € {1,2}

Proof of the conjecture Splitting into G! and G2 18/23
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Choice of G

It suffices to show the correctness of the conjecture for
G = (V,E) € Gnx having the maximum number of edges among
all graphs in Gy k.

Notations

m O =(eg,ey,...,en): ak-construction order for G.

B G =(V,{e1,en...,6}).

W <r,<---<rl:indices of the edges in E having both
endpoints in VI Vj € {1,2}

In the next steps we will build two k-constrution orders O*,02
corresponding to G and G2. The order O! be built by starting with
(e,i.€,,---,€, ) and adding edges of B into this order.

v mi
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Partitioning B
We partition B(= (Cm x Crpy) \ E)) into the following sets
B1,By,...,Bm.

B =4 {vi,vo} €B v1and v2 are k-connected in G; and
B G k — 1-connected in G;_;

Definition _
G = (V,{er,ez,...,ei} UUi_1 B)
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Partitioning B

We partition B(= (Cm x Crpy) \ E)) into the following sets
B1,By,...,Bm.

B = {{vi,v,} €B v1 and v2 are k-connected in G; and
PV 2 — 1-connected in G;_;

Definition _

Gi:=(V,{e1,ez...,ei U1 B)

Theorem (A)
Foralli € {1,2,...,m} we have that the two endpoints of e; are at
most k — 1-connected in Gj_;.
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Proof of theorem (A)

m Let C; C V with |Cj| = k — 1 be a set separating the two
endpoints of g; in Gj_;.

m Ve € |J,_; B, Ci cannot separate the two endpoints of e in
Gj_1 because they are at least k-connected.

m Thus the edges in U:Zl B only connect vertices in G;_1[V \ Cj]
which are already in the same connected component.

m C; is a separating set for the two endpoints of g; in éi.
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Structure of O
O = (el,ez,...,em)

vi V?

Cm=ViInv?

Constructing O Constructing 02

0 0
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Structure of O
O = (el,ez,...,em)

vi V?

Cm=Vinv?
— Partition of B; into B, BZ
— Define order O}, for elements in B},
Constructing O Constructing 02
(e1,07) (07)
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Structure of O
O = (el,ez,...,em)

vi V?

Cm=Vinv?
— Partition of B; into B, B3
— Define order O}, for elements in B},
Constructing O Constructing 02
(6170%76270%) (012_7e27og)
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Structure of O
O = (el,ez,...,em)

vi V?

Cm=Vinv?
— Partition of B3 into B, B3
— Define order O} for elements in B,
Constructing O Constructing 02
(el,O]]_',ez,Ol,O%) (sz_7e27ogae37032’)
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Structure of B;

We fixi € {1,2,...,m} and define
m C; C V with |Cj| = k — 1: a set separating the two endpoints
of i in Gj_1.
m U,W CV\C;: the two components in G;_1[V \ Cj] containing
the two endpoints of e
mCY=ChnuU,C¥ =Cnw

Property
Bi - CU X CW
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m Sl = C; N VI separates the two endpoints of e; in G;_1[V]
m We can add any k — 1 — |S| edges to the current graph |
without violating k-constructibility

B maXc( 23 {k — 1 — [SI[} > min{|CY[,|CW [}

Proof of the conjecture Splitting into G! and G2 23/23
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m Suppose |CY| > |CY|, and [V?1| < |V?|. Choose v € CY.
m Add all edges of B; being adjacent to v in any order to Oi1

m S! U {v} separates all remaining edges in B; in the current
graph over V! and S? still separates all remaining edges of B;
in the graph over V2.

m Repeat the previous steps over the remaining edges in B; until
all edges are associated to one of the two orders O!,0Z.
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